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Upwind Parabolized Navier-Stokes Code
for Chemically Reacting Flows
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A new upwind, parabolized Navier-Stokes (PNS) code has been developed to compute the hypersonic, viscous,
chemically reacting flow around two-dimensional or axisymmetric bodies. The new code is an extension of the
upwind (perfect gas) PNS code of Lawrence, Tannehill, and Chaussee. The upwind algorithm is based on Roe's
flux-difference splitting scheme, which has been modified to account for real gas effects. The algorithm solves
the gasdynamic and species continuity equations in a loosely coupled manner. The new code has been validated
by computing the Moo = 25 laminar flow of chemically reacting air over a wedge and a cone. The results of these
computations are compared with the results from a centrally differenced, fully coupled, nonequilibrium PNS
code. The agreement is excellent, except in the vicinity of the shock wave, where the present code exhibits
superior shock-capturing capabilities.

Introduction

T HE renewed interest in hypersonic aerothermodynamics
has led to the development of several new parabolized

Navier-Stokes (PNS) codes that account for real gas effects.
These codes have been written for either equilibrium1'7 or
nonequilibrium8'14 chemistry and have been applied to both
two- and three-dimensional geometries. Most of these codes
are based on centrally differenced algorithms such as the
Beam-Warming scheme.15 One of the major drawbacks of this
type of algorithm is that the central differencing of fluxes
across flowfield discontinuities tends to introduce errors into
the solution in the form of local flow property oscillations. In
order to control these oscillations, some type of artificial dissi-
pation is required. The correct magnitude of this added
"smoothing" is generally left for the user to specify through
some sort of trial-and-error process.

To overcome this difficulty, Lawrence et al.16'17 have devel-
oped an upwind PNS code that is based on Roe's approximate
Riemann solver.18 The dissipation term associated with this
scheme is sufficiently adaptive to flow conditions so that, even
when attempting to capture very strong shock waves, no addi-
tional smoothing is required. The superior shock-capturing
capability of this upwind PNS code has been demonstrated for
both two-dimensional16 and three-dimensional17 perfect gas
flows. Recently, this code was extended by the present au-
thors19 to permit equilibrium air computations. The upwind
algorithm was modified to account for real gas effects.
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In the present work, the upwind PNS code of Lawrence et
al.16 has been further extended to permit computations of
chemically reacting flowfields.The gasdynamic equations and
the species continuity equations are solved in a loosely coupled
manner using a procedure similar to the one employed by
Balakrishnan20 for the thin-layer Navier-Stokes equations. The
advantage of using this approach for the present upwind code
is that the general form of the gasdynamic equations remains
the same for both equilibrium and nonequilibrium calcula-
tions, with the exception of the diffusion term in the energy
equation. Since the chemistry effects are introduced into the
gasdynamic equations through an "effective gamma," it is
possible to modify Roe's scheme for nonequilibrium calcula-
tions in the same manner as for equilibrium calculations.
Thus, a single code can be readily developed that permits either
perfect gas, equilbrium air, or nonequilibrium calculations to
be performed. This was the approach taken in the present
study. The resulting two-dimensional/axisymmetric code has
been used to compute the M^ = 25 laminar flow of chemically
reacting air over a 10-deg half-angle wedge and cone. The re-
sults of these computations are compared with those obtained
using the centrally differenced, fully coupled, nonequilibrium,
PNS code of Prabhu et al.10

Governing Equations

Gasdynamic Equations
The PNS equations are obtained from the compressible

Navier-Stokes equations by dropping the unsteady terms and
neglecting the streamwise viscous derivatives in comparison
with the normal viscous derivatives. The resulting equations,
which are expressed in (£,77) computational coordinates via the
transformation £=x and T? = r?(Jt,.y), can be written in nondi-
mensional form for a two-dimensional (6 = 0) or axisymmetric
(6=1) nonreacting flow as

(1)
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and

G=d(Gi-Gv)/J

Ej=[pu, pu2+p, puv, puht]T

F/= [pv, puv, pv2+p, pvht]T

G/= - [pv, puv, pv2, pvht]T

v=]£r I °» 3^w^~3

- TV

> w( ̂  + ̂  )

2 4 \ £ r
- 3 W, + - riyV^J + iy - V [(700 - 1)M 2 Pro

v=yRe~ °' "3

~ilr
J

The pressure is computed from the relation

where 7 is defined by
y = h/e (4)

For perfect gas computations, 7 = 700. For equilibrium air
computations, 7 and all other thermodynamic and transport
properties are obtained from the simplified curve fits of Srini-
vasan et al.21*22 For nonequilibrium computations, the thermo-
dynamic and transport properties are determined using the
equations given in the next section.

The PNS equations are a mixed set of hyperbolic-parabolic
equations in the streamwise direction £, provided that the in-
viscid flow is supersonic, the streamwise velocity component is
greater than zero everywhere, and the streamwise pressure
gradient term in the streamwise momentum equation is either
omitted in subsonic regions or the "departure behavior" is
suppressed by a suitable technique. In the present study, the
technique of Vigneron et al.23 is used to prevent departure
solutions. The Vigneron technique involves splitting the E vec-
tor into two parts:

E=E*+P (5)

where

, puht}

=j [O, (l-c

The E* vector now replaces E in the numerical scheme, and
P is treated as a source term that is either neglected or evalu-
ated in the supersonic region. The final form of the governing
equations becomes

(6)

- - pif few,,

In these equations, /? is the nondimensional pressure; p the
density; Tthe temperature; u the velocity component in the x
direction; v the velocity component in the y direction; e the
internal energy; p the coefficient of viscosity; k the coefficient
of thermal conductivity; M^ the freestream Mach number;
Iteoo the Reynolds number; Pr^ the Prandtl number; 700 the
ratio of specific heats; and /the Jacobian of the transforma-
tion (7 = ̂ ). The equations have been nondimensionalized
(dimensional quantities are denoted by a tilde) in the following
manner:

t;=t)/F00

(2)

where L is the reference length of unity, and V<» is the
freestream velocity.

In order to "close" the preceding system of PNS equations,
relations between the thermodynamic variables are required
along with expressions for the transport properties £ and k.

If P is neglected in the subsonic viscous region, an eigenvalue
analysis for real gas flows10 shows that the PNS equations are
hyperbolic-parabolic in the £ direction, provided that

Mk<\
(7)

'•
where M$ is the local streamwise Mach number.

Equations for Nonequilbrium Flow
For nonequilibrium flows, the species continuity equations

must be solved in addition to the gasdynamic equations given
previously. The gasdynamic equations remain the same except
for the additional term in the energy equation, which is due to
the diffusion of the species. The nondimensional species conti-
nuity equations, expressed in transformed coordinates, are
given by

dcs JLL.
Re«

_
yRe,:M)]- (8)

where cs is the mass fraction of species s, ics is the nondimen-
sional production term, D is the nondimensional binary diffu-
sion coefficient, and j83 = p00500//Ioo.
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The chemical model used in the present calculations is iden-
tical to the air model employed by Prabhu et al.10 It consists of
molecular oxygen (O2), atomic oxygen (O), molecular nitrogen
(N2), atomic nitrogen (N), and nitric oxide (NO). The species
are indexed 5 = 1,2,. . .,5 in this order. The following reac-
tions are considered between the constituent species:

(1)

ficient D is then computed from the definition

~ KLe (14)

Finally, the equation of state for a mixture of perfect gases is
given by

(2)

(3)

(4)

(5)

(9)

(15)

where

n r_ \-l

= 1 J

(6)

where MI, M2, and M3 are catalytic third bodies. The preced-
ing model has five species (n = 5), six reactions (m = 6), and
eight reactants (nt = S). These reactions can be represented
symbolically as

(10)

where *>£/ and *>£/ are the stoichiometric coefficients, and Al
is the chemical symbol of the /th species. Using the law of mass
action, the nondimensional mass production rate of species
s is

(11)

where yr is the nondimensional mole-mass ratio of the reac-
tants, and 3H5 is the molecular weight of species s. Further
details on the reaction rates are given in Ref. 24.

The enthalpies and specific heats of the species are obtained
from the following relations:

(12)

Tables of C\iS and C2>5 as a function of T(K) are obtained from
Ref. 25. Cubic spline interpolation is used in these tables. The
enthalpy and frozen specific heat of the mixture are given by
the following expressions:

5=1

dh
(13)

d/i

where the subscripts on the differentiation indicate that the
composition of the mixture is frozen locally.

The viscosity of species s is calculated from curve fits devel-
oped in Ref. 25, and the thermal conductivity is computed
using Eucken's semiempirical formula. The viscosity and ther-
mal conductivity of the mixture are determined using Wilke's
semiempirical mixing rule.26

The binary Lewis numbers for all the species are assumed to
be the same constant Le. The kinematic binary diffusion coef-

Numerical Method
Numerical Solution of Gasdynamic Equations

The algorithm used in the present real gas code to solve the
gasdynamic equations is a modified version of the upwind,
finite-volume algorithm developed by Lawrence et al.16 to
solve the (perfect gas) PNS equations. The upwind algorithm
is based on Roe's scheme,18 which has been adapted for real
gas space-marching calculations using a similar procedure to
the one applied by Grossman and Walters27 to an upwind,
time-dependent Euler code. Their procedure, which relies on
the previous work of Colella and Glaz,28 has been adapted in
the current study to the steady PNS equations. The present
procedure for solving the gasdynamic equations is described in
detail in Ref. 19.

Numerical Solution of Species Continuity Equations
For chemical nonequilibrium computations, the species con-

tinuity equations must be integrated along with the gasdy-
namic equations. This can be accomplished in a variety of
ways, including the fully coupled approach and the loosely
coupled approach. In the fully coupled approach, the gasdy-
namic equations and the species continuity equations are
solved simultaneously using the same implicit algorithm. The
advantage of this approach is that, for flows near equilibrium,
the marching step size is not severely restricted. The disadvan-
tage is that, as the number of species increases, the size of the
block matrices that need to be inverted increases in a corre-
sponding fashion. Thus, the calculations may require a sub-
stantial amount of computer time.

In the loosely coupled approach, the gasdynamic equations
and the species continuity equations are solved separately. The
coupling between the two sets of equations is then obtained in
an approximate manner. In the approach of Balakrishnan,20

the coupling between the gasdynamics and the chemistry is
primarily achieved through 7, which appears in the equation of
state given by Eq. (3). The solution of the gasdynamic equa-
tions yields the velocity, density, and pressure fields. The spe-
cies continuity equations are then integrated to obtain the mass
fractions. With the mass fractions known and the pressure and
enthalpy fixed, the molecular weight, temperature, density,
and 7 can be computed. The species continuity equations are
then integrated again (using the updated temperature), and the
previously mentioned procedure is repeated. As the final step,
the density and total energy from the gasdynamic solution are
corrected.

In the present study, the gasdynamic equations and the spe-
cies continuity equations are solved in a manner similar to the
loosely coupled approach of Balakrishnan. One of the differ-
ences between the present approach and the Balakrishnan ap-
proach is that density, instead of pressure, is held fixed during
the chemistry iteration. The species continuity equations are
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solved using the following implicit upwind scheme:

^

of dissociating air over a wedge and a cone. The present results
are compared with those calculated by using the centrally dif-
ferenced, nonequilibrium, PNS code developed by Prabhu et
al.10 It should be noted that the code of Prabhu et al. solves the
gasdynamic and species conservation equations in a fully cou-
pled manner rather than in the loosely coupled approach of the
present method.

Test Case I
The first test case computed was that of hypersonic, laminar

flow of chemically reacting air over a 10-deg half-angle wedge.
The flow conditions for this test case correspond to an altitude
of 60,96 km where the ambient pressure and temperature are
20.35 N/m2 and 252.6 K, respectively. The other pertinent
flow parameters are

x fetf*,1 -fe);_+/ 5 = 1,2,. . . ,n (16)

o = 25. 3

Re00= 1.29X105

(02)

(N2)

where X is given by

and is assumed positive for the backward-differenced al-
gorithm given in Eq. (16). If X is negative, a forward difference
is employed for the convection term dcs/drj. The convection
term in this equation is modeled with a first-order-accurate
upwind difference, and the diffusion terms are modeled by
second-order-accurate central differences. It was found that
modeling the convection term with a second-order-accurate
upwind difference had little effect on the species mass fraction
profiles computed in this study.

Once the mass fractions of the species are calculated from
Eq. (16) and the enthalpy is determined from the solution of
the gasdynamic equations at n + 1, the temperature is obtained
from Eq. (13) using the Newton-Raphson iteration method.
The Newton-Raphson algorithm applied to this equation is

(17)

where

g(f) =

and k is the index of iteration. The iterations are continued
until

where e is a small positive quantity. Once the temperature is
determined, the pressure can be computed from Eq. (15) and
7 can be obtained from Eq. (3). For cases where the species
mass fractions are changing rapidly, the gasdynamic equations
and the species continuity equations can be recomputed at the
n + 1 level in an iterative manner to enhance the coupling
between the chemistry and the fluids. This was found to be
unnecessary for the calculations performed in this study. Also,
the effect of the diffusion heat flux term in the energy equation
was negligible for the present calculations but has been found
to be important at more severe conditions.

Numerical Results
The present upwind, chemical nonequilibrium, PNS code

has been validated by computing the hypersonic laminar flow

fw = 1200K Le = \A

The coordinate system for this test case is shown in Fig. 1.
The grid used for both codes consisted of 60 points in the r?
direction. The distance of the first point above the wedge
surface was specified a s l .Ox lO~ 4 m, and this value was used
to determine the appropriate Roberts stretching parameter29 ft
for the remaining points. The £ = const grid lines were placed
normal to the x axis, and the height of the top boundary was
kept fixed at 0.15 m from the body surface. The initial condi-
tions for both codes (at x=Q) were provided by specifying
freestream conditions everywhere except at the wall, where
no-slip conditions and constant wall temperature were im-
posed. The solution was then marched 2000 steps downstream
with a 5 x 10~4 rn step size and terminated at x= 1.0 m.

The tangential velocity and temperature profiles at x = 1.0 m
are compared in Figs. 2 and 3, respectively. The tangential
velocity is defined as

ut = u cos0 + v sin0 (18)

where 0 is the wedge half-angle. The comparison is excellent
except near the bow shock region, where the centrally differ-
enced PNS code "smears" the solution over five or six mesh
points, whereas the present upwind code resolves the disconti-
nuity in typically three mesh points. The smearing of the cen-
trally differenced solution is a result of the artificial smoothing
necessary to maintain a monotonic profile in the shock region.
The nonequilibrium temperature profile is compared in Fig. 4
with the equilibrium and perfect gas (700 =1.4) temperature
profiles. All of these profiles were computed with the present-
code. This code is written so that the user can specify whether
a perfect gas, equilibrium air, or nonequilibrium calculation is
to be performed by simply setting the input parameter IGAS
equal to 0, +1, or -1, respectively. The O2, O, N2, N, and NO
mass fractions at x= 1.0 m are compared in Figs. 5 and 6. A

Fig. 1 Coordinate system for the wedge and cone test cases.
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Fig. 10 Comparison of temperature profiles at x = 1.0.

noncatalytic wall boundary condition was used. The results
from the present code are in excellent agreement with the
results from the fully coupled code of Prabhu et al., provided
that the smoothing coefficients in the latter code are adjusted
to relatively low values. The computed mass fractions were
found to be quite sensitive to the values of the smoothing
coefficients in the Prabhu code. On the other hand, smoothing
is not necessary for the present upwind calculations.

Figures 7 and 8 display the streamwise variations of the
coefficients of skin friction and heat transfer. The formulas
used to compute these quantities are

du
dn
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Fig. 11 Comparison of temperature profiles for perfect gas, equi-
librium, and nonequilibrium chemistry.
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Fig. 12 Comparison of Ch and NI mass fraction profiles at x = 1.0.

8T
dnTZ (20)

(19)

where n represents the distance normal to the wall. The heat-
transfer coefficient reflects only the conductive heating rate.
The diffusive heating rate was negligible for this problem.
The agreement between the two codes is excellent for these
coefficients.

Test Case II
The second test case computed was that of hypersonic,

laminar flow of chemically reacting air over a 10-deg half-
angle cone. This case provides a test for the axisymmetric
capability of the code. The initial conditions, step size, and
grid for this problem are identical to those used for the wedge
in test case I.

The tangential velocity and temperature profiles at x= 1.0 m
are compared in Figs. 9 and 10. The results agree very well,
except in the vicinity of the shock wave, where the smoothing
in the centrally differenced code * 'smears" the solution. The
nonequilibrium, equilibrium, and perfect gas (700 = 1.4) tern
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perature profiles (computed with the present upwind code) are
shown in Fig. 11. The mass fractions of 02, O, N2, N, and NO
at Jt= 1.0 m are compared in Figs. 12 and 13. The results from
the present loosely coupled code are in excellent agreement
with the results from the fully coupled code of Prabhu et al.

The streamwise distributions of the skin friction and heat
transfer coefficients are compared in Figs. 14 and 15 and show
excellent agreement.

All of the computations were performed on an Apollo
DN3000 workstation. An indication of the relative computer
effort required by the two PNS codes to compute the chemi-
cally reacting flowfields is given by a comparison of the CPU
times. To compute the present test cases, the fully coupled,
central-difference code of Prabhu et al. required 0.080 s per
step per grid point, whereas the present loosely coupled up-
wind code required 0.054 s per step per grid point. The present
upwind code takes approximately the same amount of com-
puter time to compute a nonequilibrium case as it does to
compute an equilibrium case, provided the solution is not re-
computed at the n + 1 station.

Concluding Remarks
A new, real gas, upwind, PNS code has been developed to

compute two-dimensional/axisymmetric hypersonic flows of
equilibrium or nonequilibrium chemically reacting air. The
code has been used to successfully compute the Mw = 25 lami-
nar flow of dissociating air over a wedge and cone. The results
of these computations are in excellent agreement with those
obtained using a centrally differenced, fully coupled, non-
equilibrium PNS code, except in the vicinity of the shock
wave, where the present code is clearly superior in resolving the
discontinuity. The present upwind nonequilibrium PNS code
is currently being extended to permit three-dimensional com-
putations.
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